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ABSTRACT 

In  this  report  we  consider  different  shut-off  rules  for  series  systems 
performance.  We  calculate  limiting  system  availability  under  various 
shut-off  rules.  In  particular,  availability  results  for  2  and  3  unit 
systems  with  all  failure  and  repair  distributions  exponential  are 
extended  to  systems  of  arbitrary  size. 

\ 
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AVAILABILITY  OF  SERIES  SYSTEMS  WITH  COMPONENTS 
SUBJECT  TO  VARIOUS  SHUT-OFF  RULES 


by 

Zohel  S.  Khalil 


0.  INTRODUCTION 

Consider  a  series  system  of  n  components.  System  failure  in  such 

systems  coincides  with  component  failure.  However,  in  many  systems 

components  can  still  be  functioning  after  system  failure  occurs,  or  some 

components  on  failure  will  shut  off  ethers.  This  means  that  some  shut-off 

rules  can  be  established  for  system  performance,  such  as  failure  of  first 

component  shuts  off  the  second  and  next  components  or  failure  of  second 

component  shuts  off  third  and  higher  components  but  not  the  first  and  so  on 

For  example,  in  a  3-unit  system,  unit  1  on  failure  shuts  off  both  unit  2 

and  3,  unit  2  on  failure  shuts  off  only  unit  3  but  not  1  and  units  1  and  2 

f 

are  not  affected  when  failure  of  unit  3  occurs.  -*~-f 

\ 

In  this  report  we  study  some  of  these  shut-off  rules  and  calculate 
system  availability  under  these  rules. 
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1.  PRELIMINARIES:  AVAILABILITY  THEORY 


An  important  measure  of  system  performance  Is  system  availability 
A(t)  which  is  defined  as  the  probability  that  the  system  is  functioning 


at  time  t  .  Let 


!1  if  system  is  up  at  time  t 
0  otherwise. 


Then  A(t)  is  given  by: 


A(t)  -  Pr{X(t)  -  1}  -  E  X(t) 


Limiting  availability  or  just  availability  is  defined  by  A  ■  lim  A(t) 
when  this  limit  exists. 

Consider  a  system  consisting  of  one  unit  and  suppose  at  t  ■  0  ,  the 
system  is  put  to  work  and  will  be  up  for  a  time  and  then  failure  occurs. 

The  system  is  then  down  for  a  time  until  repair  or  replacement  is  done. 

We  assume  that  repair  restores  all  system  characteristics,  i.e.,  the 
system  when  it  starts  functioning  again  is  like  new.  The  second  uptime 
is  Uj  and  downtime  is  D2  etc.  We  assume  that  the  sequence  , 

i  *  1,2,  ...  is  mutually  stochastically  independent.  Let  F(t)  be  the 
common  distribution  of  and  H(t)  be  the  common  distribution  of 

,  i  «  1,2,  ...  .  The  sequence  forms  a  renewal  process 

with  renewal  function 


M.(t)  -  l  HU)(t) 
*  k-1 


where  Hv  ;(t)  is  the  k-fold  convolution  of  H(t) 
We  summarize  some  well  known  results  [2]. 


Lemma  1: 


System  availability  at  time  t  is  given  by 


A(t) 


-  F(t)  + 


t 


Proof : 


A(t)  *  P(system  is  up  at  time  t) 


If 

c-1  -i 


F(t)  +  l  |  F(t  -  u)dH(k) (u) 

k- 


C 

F(t)  +  I  F(t  -  u)d  l  Hk(u) 

1  k-1 


F(t)  +  J  FCt-uJdMyCu) 
0 


Lemma  2: 

Limiting  system  availability  is  given  by: 


A  ■  lim  A(t) 
t-*« 


E(U) 

E(U)  +  E(D)  ' 


Proof : 

This  is  a  direct  consequence  of  the  Key  Renewal  Theorem  [2].  Note 
that  limiting  availability  as  given  by  the  last  equation  depends  only  on 
the  system's  mean  time  to  failure  and  mean  time  to  repair. 

This  result  holds  for  a  component  or  a  system  treated  as  a  single 


unit  [2], 
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2.  AVAILABILITY  OF  SERIES  SYSTEMS 

Consider  now  a  system  with  n  components  in  series.  System  failure 
in  this  case  coincides  with  component  failure.  In  the  sequel,  we  will 
investigate  3  different  models  of  series  system  performance.  The  first 
model  discussed  in  full  detail  by  Barlow  and  Proschan  [1],  [2]  will  be 
called: 

Model  A: 

When  a  failed  component  is  replaced  or  repaired,  all  other  components 
are  in  a  state  of  suspended  animation,  i.e.,  cannot  fail  and  do  not  age. 

In  other  words,  failure  of  any  one  component  shuts  off  all  others.  We 
denote  such  a  system  by  a  double  arrow  connection  (see  Figure  1) . 


The  limiting  availability  in  this  case  is: 


where  and  are  mean  time  to  failure  and  repair,  respectively. 


5 


Let  N^{t)  be  the  number  of  system  failures  due  to  component  i  in 


[0,t]  ,  then 


N  (t)  E(N  (t)) 

lim  — - -  ■  lim  - - -  -  A/p.  . 

t-x»  c  C  1 


If  N(t)  is  the  total  number  of  system  failure  in  [0,t]  ,  then 


N(t)  -  l  N  (t) 
i-1  1 


t  {  V± 


Let  be  the  successive  system  uptimes,  then 


Let  be  the  successive  system  downtimes,  then 


N(t) 

|  Di  n  v.  n 


where  p.  *  —  . 

i  Pi 


It  follows  that  A  ■  |l  +  £  ■  p/|p  +  M  J  -  p/(p  +  v) 

This  is  the  analog  of  the  one  system  availability  defined  before. 


Consider  a  series  system  with  shut-off  rule  as  in  Model  A. 
Furthermore,  let  components  have  exponential  failure  distribution 


F^(t)  “  1  -  exp  [-Xit]  and  repair  distributions  G^(t)  *  1  -  exp  [-e^t]  . 
It  is  easy  to  prove  the  following: 

Lemma  3: 

The  system  downtime  distribution  is  a  mixture  of  with  weights 

n 

I  ^4  ^  =  •••  ,  i.e. , 

J-l  J 

n  n  n  n 

G(t)  -  l  A  G Jl  A  -  1  -  l  A  exp  [-8  t]/£  A  . 

1  1  1  1  1  1  1  1 

The  Laplace  transform  of  the  survival  function  G(t)  in  this  case 
is  given  by: 


— * 

G  (s) 


oo 

J 


e~StG  (t)dt 
n 


n 

i 


i  \  i=i  +  s 


Model  B: 

Consider  a  2-unit  system  in  series  with  the  following  shut-off  rule: 
unit  one  upon  failure  shuts  off  two  but  not  vice  versa.  We  symbolize  this 
case  by  one  arrow  connection  o  ■*  o  .  Barlow  and  Hudes  [4]  prove  the 
following  theorem. 

Theorem  1: 

Let  and  G^  be  exponential;  F2  ,  G2  arbitrary  distributions. 

Then 


-1 


t 


We  observe  that  this  depends  on  F2  only  through  its  mean 

dependence  on  G ^  is  more  involved  namely  through  its  mean 

Laplace  transform  of  its  survival  function  at  —  +  —  . 

u  v 
1  1 


p2  but  the 
V2  and  the 
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3.  COMBINATION  OF  SHUT-OFF  RULES 

Consider  a  series  system  of  n  components  with  the  following  shut-off 
rule:  component  1  shuts  off  all  other  n-1  components  but  not  vice 
versa  and  the  other  n-1  components  follow  the  shut-off  rule  of  Model  A. 
Symbolically  as  given  by  Figure  2, 


FIGURE  2 


It  follows  from  this  last  diagram  that  subsystems  I  and  II  are  interrelated 
by  the  shut-off  rule  of  Model  B.  If  F^  and  G^.  are  exponential  then  the 
conditions  of  the  last  theorem  are  satisfied  and  hence  we  have  the  following: 


Theorem  2: 

Limiting  system  availability  is  given  by: 


(1  + 


-1 


/ 

1  +  VII  /  1  + 

1  1 

1  n 

1  y 

Xi  \ 

-II  ^  -  -I 

1  +  P1  VII  * 

1  \  12 

2  1 

X1  +  61  +  9i  1 

-1 


where  we  have  assumed  that  failure  and  repair  distributions  are  exponential 

in  Subsystem  II  and  hence  Lemma  3  gives  its  repair  distribution,  where 
n 


It  is  easy  to  verify  the  Markov  conditions  used  in  the  proof  of 
Theorem  X  in  Barlow  and  Hudes  (1979). 

Model  C; 

In  this  model  nonfailed  components  continue  to  operate  regardless  of 
the  number  of  failed  components.  More  general  coherent  structures  were 
treated  by  Ross  [3].  System  availability  in  the  series  case  is  given  by: 


n 

A  *  n 
1 


The  limiting  average  of  uptimes  is 


P 


The  limiting  average  of  downtimes  is 


v 


1  -  A 
A 


P 


Denote  p 


"-I-  1 

P  A 


II  (1  +  p.)  -  1  .  Consider  now  the  follow 
i-1 


ing  system:  one  unit  shuts  off  the  other  n-1  and  vice  versa  but  these 
last  behave  as  in  Model  C  or  symbolically  as  in  Figure  3. 


FIGURE  3 
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We  observe  Chat  the  first  unit  1  and  the  subsystem  II  of  n-1  units  are 
related  by  the  shut-off  rule  of  Model  A.  Hence 

Theorem  3: 

System  availability  is  given  by: 


A 


1  +  si +  “n 


(i) 


where  p^  is  the  coefficient  of  subsystem  II  having  shut-off  rule  of 
Model  C.  Hence: 


n 

ptt  -  n  (l  +  p.)  -  l 
1  1*2  1 


FIGURE  4 


11 


Remark: 

Subsystem  II  as  In  Theorem  3  can  have  any  configuration  of  shut-off 
rules  as  long  as  between  I  and  II,  Model  A  rule  holds. 


Example  2: 


Consider  the  system  shown  in  Figure  5. 


I 


II 


FIGURE  5 


FIGURE  6 
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We  have: 

A  »  (1  +  pr  +  p jj)'1 

PII  "  (1  +  p2)(1  +  p3)[1  +  p4  x3  +' e‘3  +  e J  (see  [51)- 

Substituting  back  in  the  expression  for  A  ,  we  get  the  explicit 
availability. 

Next,  we  investigate  systems  of  n  units  in  which  one  unit  has 
failure  independent  of  the  other  n  -  1  units  (Model  C)  but  these  last 
can  have  different  shut-off  rules.  Symbolically  (see  Figure  7): 

O  I 

II 


FIGURE  7 

It  is  easy  to  show  that  system  availability  in  this  case  is  given  by: 

A  -  {(1  +px>  (1  +  Pjj)}”1 

where  we  used  Model  C,  p^  and  pir  are  coefficients  of  component  I 
and  subsystem  II  respectively. 

Example  4: 

We  find  the  availability  of  system  of  Figure  8 
A  -  {(1  +  Pl)(l  +  P^]}"1 


but 


o-*-o 


H  +  ,>2,[1  +  e3  h  +  + 


FIGURE  8 


Substituting  back,  we  get  the  explicit  expression  for  A  . 
Example  5: 

Consider  the  system  of  Figure  9.  We  have: 

A _ l _ 

(1  +  Px)(l  +  pn) 

-  {«  +  vf1  +  I  »i]} 

by  Model  A. 


FIGURE  9 

Consider  again  the  2  component  system  as  in  Model  B.  Barlow  and 


Hudes  [A]  proved  the  following  result: 
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Theorem  4: 


Let  and  be  exponential  with  means  p^  ,  p^  and  v2 
respectively,  arbitrary,  then  system  availability  A(G^)  is  given 
by: 


Now  suppose  we  have  n  units  in  series  such  that  n-1  follow  shut-off 
rule  of  Model  A,  but  all  with  the  first  unit  follow  shut-off  rule  of  Model  B. 
Symbolically: 


f 


FIGURE  10 

Furthermore,  suppose  all  failure  and  repair  distributions  are  exponential 

with  respective  failure  and  repair  rates.  By  Model  A  results,  subsystem  II 

will  have  then  an  exponential  failure  distribution  with  rate  +  *3  +  •••  +  1 

and  by  Lemma  3,  a  mixture  of  repair  distributions  of  units  2,3,  ....  n 
n 

with  weights  X  /£  X  i  ■  2,3,  ...»  n  .  The  Laplace  transform  of  the 
1  o  1 


survival  function  as  before  is 
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Gji(s) 


-M 

n  L 

l  \ 


2  0i  +  s 


and  the  conditions  of  Theorem  4  are  satisfied,  hence 


REFERENCES 


[1]  Barlow,  R.  E.  and  F.  Proschan,  "Availability  Theory  for  Multicomponent 

Systems,"  in  MULTIVARIATE  ANALYSIS  -  III,  Academic  Press,  New 
York,  pp.  319-335  (1973). 

[2]  Barlow,  R.  E.  and  F.  Proschan,  STATISTICAL  THEORY  OF  RELIABILITY  AND 

LIFE  TESTING:  PROBABILITY  MODELS,  Holt,  Rinehart  and  Winston, 
1975. 

[3]  Ross,  S.  M. ,  "On  the  Calculation  of  Asymptotic  System  Reliability 

Characteristics,"  in  RELIABILITY  AND  FAULT  TREE  ANALYSIS, 

R.  E.  Barlow,  J.  B.  Fussell  and  N.  D.  Singpurwalla  (eds.), 

SIAM,  pp.  331-350  (1975). 

[4]  Barlow,  R.  E.  and  E.  S.  Hudes,  "Asymptotic  Measures  of  System 

Performance  under  Alternative  Rules,  I  &  II,  ORC  79-6  and 
ORC  79-7,  Operations  Research  Center,  University  of  California, 
Berkeley  (1979) . 

[5]  Hudes,  E.  S.,  "Availability  Theory  for  Systems  Whose  Components  are 

Subjected  to  Various  Shut-Off  Rules,"  Ph.D.  dissertation. 
Department  of  Statistics,  University  of  California,  Berkeley, 
California  (1979). 


